Time-like solutions to the Lorentz force equation in time-dependent electromagnetic and gravitational fields  by Caponio, Erasmo
J. Differential Equations 199 (2004) 115–142
Time-like solutions to the Lorentz force equation
in time-dependent electromagnetic and
gravitational ﬁelds
Erasmo Caponio
Dipartimento di Matematica, Politecnico di Bari, via Amendola 126/b, Bari 70126, Italy
Received May 12, 2003; revised August 27, 2003
Abstract
We ﬁnd existence and multiplicity results for time-like spatially periodic trajectories of
massive particles carrying an electric charge q and subjected to time-dependent gravitational
and electromagnetic ﬁelds. Such trajectories are obtained by projecting, on the base space–
time, time-like geodesics with respect to a suitable Kaluza–Klein metric.
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1. Introduction and statement of the results
We consider a point particle on a space–time M; carrying an electric charge q and
moving under the action of two external ﬁelds: a gravitational field represented by g;
the metric tensor of M; and an electromagnetic field represented by F ; a closed
2-form on M: The particle’s motion is modelled by a curve z : ICR-M satisfying
the differential equation:
Ds ’z ¼ qFˆðzÞ½’z; ð1Þ
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where Ds is the covariant derivative along the curve z induced by the Levi-Civita
connection and Fˆ :TM-TM is the bundle map deﬁned as
gðpÞ½v; FˆðpÞ½w ¼ FðpÞ½v; w;
for all ðp; vÞ; ðp; wÞATM: Eq. (1) is called Lorentz force equation (see for instance
[22]). It reduces to the geodesic equation, whenever q ¼ 0 or F ¼ 0:
As F is anti-symmetric, FˆðzÞ½’z is orthogonal to ’z with respect to the metric g; thus
contracting both hand sides of (1) by gð’z; Þ; we see that the function
s/gðzðsÞÞ½’zðsÞ; ’zðsÞ
is constant over the solution z: Whenever such a constant is negative, the curve z is
said time-like and, as a solution of Eq. (1), it represents the trajectory of a massive
charged test particle with rest mass mz satisfying the equation:
m2z ¼ gðzðsÞÞ½’zðsÞ; ’zðsÞ
(we have set the speed of light c ¼ 1). In this paper we assume that ðM; gÞ is an n-
dimensional Lorentzian manifold and F is an exact two form on M: Let o be a one-
form such that do ¼ F and let z0 and z1 be two points on M: Eq. (1) corresponds to
the Euler–Lagrange equation of the functional
IðzÞ ¼EðzÞ þ HðzÞ;
EðzÞ ¼ 1
2
Z 1
0
gðzÞ½’z; ’z ds;
HðzÞ ¼ q
Z 1
0
oðzÞ½’z ds;
deﬁned on a space of sufﬁciently regular curves connecting z0 to z1 and
parameterized over the interval ½0; 1: A standard computation shows that I is
differentiable and its derivative at z; evaluated on any smooth vector ﬁeld z over z
such that zð0Þ ¼ zð1Þ ¼ 0; is
I 0ðzÞ½z ¼
Z 1
0
gðzÞ½’z;rsz þ q
Z 1
0
doðzÞ½z; ’z ds
¼
Z 1
0
gðzÞ½’z;rsz þ q
Z 1
0
FðzÞ½z; ’z ds
¼
Z 1
0
gðzÞ½’z;rsz þ q
Z 1
0
gðzÞ½FˆðzÞ½’z; z ds: ð2Þ
If z is a critical point for I ; i.e. I 0ðzÞ ¼ 0; then integrating by parts in (2), by the
Fundamental Lemma of the calculus of variations, we see that z is a solution to (1).
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The search of critical points of I is made difﬁcult by the fact that I is a strongly
indeﬁnite functional. However, such difﬁculties are related to the presence of E; the
second-order part of the functional I due to the gravitational ﬁeld. In nineties,
several results about existence and multiplicity of critical points of the functional E
has been worked out (see [18] and the references therein). Such results can be easily
extended to the functional I :
On the other hand, unlike the critical points of E; the causal character of a critical
point of I cannot be directly deduced from its critical value. Establishing existence of
time-like critical points seems to be the crucial point in the study of the functional I
(see also the introduction in [1]). Existence and multiplicity results for time-like
critical points of I has been obtained in [9,10] for a standard stationary metric ﬁeld
and a stationary exact electromagnetic ﬁeld (other results about existence and
multiplicity for critical points of I in stationary or static ﬁelds were obtained in
[4,5,19]). The techniques employed in those papers fail when g or F are not
stationary.
The aim of this paper is to tackle this last circumstance. In [11], the authors
prove that, given a globally hyperbolic M endowed with an exact electromagnetic
ﬁeld, there exists a time-like solution to Eq. (1) joining any two chronologically
related points on M: Such result has been extended in [12] to time-like
solutions having ﬁxed charge-to-mass ratio q
m
in a suitable neighborhood of 0AR:
These results generalize the standard result in Lorentzian geometry that chron-
ologically related points in a globally hyperbolic manifold can be connected by a
time-like geodesic. Their proofs are based on the causal structure of the trivial
bundle M  R endowed with the Kaluza–Klein metric. In the present paper,
using variational methods and the Kaluza–Klein framework, we will obtain existence
and multiplicity results for Eq. (1) in time-dependent gravitational and electro-
magnetic ﬁelds.
According to the Kaluza–Klein mechanism (see [20] for a review of old and new
Kaluza–Klein theories), we consider the manifold W ¼ M  R; endowed with the
Kaluza–Klein metric
gKK ¼ pg þ FðpR dy þ poÞ#ðpR dy þ poÞ; ð3Þ
where F is a positive constant, y denotes the variable in the factor R; p and pR are the
canonical projections on M and R: The parameter F will be settled later on (see
(15)). It is well known (see for instance [17]) that (3) is a Lorentzian metric and the
projection on M of any time-like geodesic g of ðW ; gKKÞ corresponds to a trajectory
for a particle subjected to the action of the external ﬁeld F ¼ do: In fact, the Euler–
Lagrange equations of the functional EKK ¼ 12
R 1
0 gKKðwÞ½ ’w; ’w ds; deﬁned on the set
of the piecewise smooth curves wðsÞ ¼ ðzðsÞ; yðsÞÞ joining two ﬁxed points on W
(i.e. the geodesic equations of ðW ; gKKÞ), are
Ds ’z ¼ Fð ’y þ oðzÞ½’zÞFˆðzÞ½’z;
d
dsðFð ’y þ oðzÞ½’zÞÞ ¼ 0:
(
ð4Þ
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From (1) and (4), we see that Fð ’y þ oðzÞ½’zÞ is constant over z and q0 :¼ Fð ’y þ
oðzÞ½’zÞ plays the role of the charge of the particle moving along the trajectory
z ¼ zðsÞ: This is the motivation for the following deﬁnition.
Deﬁnition 1. Let wðsÞ ¼ ðzðsÞ; yðsÞÞ be a geodesic on M  R with respect to the
Kaluza–Klein metric (3). We call charge of the geodesic w the quantity q0 ¼
Fð ’y þ oðzÞ½’zÞ:
Let now wðsÞ ¼ ðzðsÞ; yðsÞÞ be a Kaluza–Klein geodesic, with charge q0a0: Then
the transformation of parameter s/ q
q0
s provides a solution, c ¼ cðsÞ ¼ zð q
q0
Þ; to (1):
D ’cðsÞ ’cðsÞ ¼ q
2
q20
D
’zð q
q0
sÞ ’z
q
q0
s
 
¼ q
2
q20
q0Fˆ z
q
q0
s
  
’z
q
q0
s
  
¼ qFˆðcðsÞÞ½ ’cðsÞ:
So in order to obtain time-like solutions of Eq. (1), it is enough to ﬁnd time-like
geodesic of ðW ; gKKÞ having non-vanishing charge q0:
In spite of the general validity of the last statement, the search of geodesics for the
Lorentzian manifold ðW ; gKKÞ requires some assumptions on the manifold ðM; gÞ
and the one-form o: In this paper we consider the following setup:
(a) M will denote an n-dimensional manifold of splitting type, that is M ¼ M0  R;
with M0 a compact Riemannian manifold endowed with the metric /; S: The
charge q will be assumed to be positive. W will denote the manifold M  R ¼
M0  R R: A point in W will be denoted by the letter w and will be identiﬁed
with the triple ðx; y; tÞAM0  R R: A point ðx; tÞAM0  R will be denoted by
the letter z: A vector wATwW will be identiﬁed with the triple ðx; u; tÞATxM0 
R R: A vector ðx; tÞATxM0  R will be denoted by the Greek letter z;
(b) the Lorentzian metric g will be deﬁned as
gðx; tÞ½ðx; tÞ; ðx; tÞ ¼ /aðx; tÞ½x; xS bðx; tÞt2; ð5Þ
where for any ðx; tÞAM; aðx; tÞ is a symmetric positive deﬁnite operator on
TxM0 and the map ðx; tÞ/aðx; tÞ is smooth, while b is a smooth positive scalar
ﬁeld on M: The electromagnetic ﬁeld F will be assumed to be an exact two form
on M and o will denote a potential one form for F : The Kaluza–Klein metric
gKK on W is given by (3), with g as in (5);
(c) we will assume that there exists T40 such that
að; tÞ ¼ að; t þ TÞ bð; tÞ ¼ bð; t þ TÞ oð; tÞ ¼ oð; t þ TÞ: ð6Þ
Remark 2. Lorentzian manifolds ðM; gÞ such that M ¼ M0  R; with M0 a compact
manifold, and gðx; tÞ ¼ gðx; t þ TÞ; for any xAM0 and tAR; were introduced in [2].
Avez called them closed periodic.
Now we can state our main results:
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Deﬁnition 3. Let T40 and kAN; kX1: Let zðsÞ ¼ ðxðsÞ; tðsÞÞ be a curve on M: We
say that z is a kT-periodic solution to the Lorentz force equation if z satisﬁes (1), x is a
periodic curve on M0 and t connects two points t0 and t1 on R such that t1  t0 ¼
kT : We say that two kT-periodic solutions z1 and z2 are geometrically distinct if their
images are distinct.
Theorem 4. Let ðM; gÞ be a Lorentzian manifold equipped with an exact 2-form F.
Assume that
(1) M ¼ M0  R; where M0 is a compact Riemannian manifold and g is given by (5);
(2) there exist T40 such that (6) are satisfied.
Then for any kAN; kX1; there exists a time-like kT-periodic solution to (1).
Theorem 5. Let the assumptions of Theorem 4 hold. Moreover, assume that p1ðM0Þ is
finite or has infinitely many conjugacy classes. For any kAN; kX1; let NðkÞ be the
number of geometrically distinct time-like kT-periodic solutions to (1). Then NðkÞ-N
as k-N:
Remark 6. Theorems 4 and 5 can be considered as relativistic versions of the result in
[6] on the existence of non-trivial periodic orbits for a Lagrangian system on a
compact Riemannian manifold. We highlight that by the deﬁnition of kT -periodic
solution, trivial solutions to (1) are in the form ðx0; t0 þ kTsÞ; sA½0; 1; ðx0; t0ÞAM0 
R: From (1) we see that such solutions generically do not occur. For other results
about existence of periodic orbits of a magnetic ﬂow on a compact Riemannian
manifold see [3,15].
Remark 7. The techniques used in this paper can be applied, with minor
modiﬁcations, to obtain existence and multiplicity for time-like solutions of
Eq. (1) connecting two given events on M; in presence of time-dependent
gravitational and electromagnetic ﬁelds.
2. Palais–Smale condition and a priori estimates
Let us denote by at and bt the derivatives of aðx; tÞ; bðx; tÞ with respect to t:
Moreover, let us denote by
%a ¼ sup
zAM
jjaðzÞjj; ð7Þ
where jjaðzÞjj is, for each tAR; the norm of aðx; tÞ as a linear operator on TxM0;
endowed with the scalar product /; Sx;
%b ¼ sup
zAM
bðzÞ; ð8Þ
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%o ¼ sup
zAM
jjoðzÞjj; ð9Þ
where jjoðzÞjj is the norm of oðzÞ as a linear form on TzM ¼ TxM0  R; endowed
with the metric /; Sx þ dt2; and by
%at; %bt; %F; ð10Þ
the analogous of the above quantities for the operator at; the scalar ﬁeld bt and the
bilinear form F : Since M0 is compact, assumptions (6) and the regularity of a; b; o
imply that all the above quantities are ﬁnite. Moreover, there exist two constants
l40 and b40 such that
/aðzÞ½; SXl/; S; ð11Þ
bðzÞXb ð12Þ
for any zAM:
By Nash’s isometric embedding theorem we can assume that ðM0;/; SÞ is a
compact submanifold of RN (the dimension N depending on the dimension n  1 of
M0) endowed with the induced metric. So let H
1ð½0; 1;RNÞ be the Sobolev space of
the absolutely continuous curves in RN whose derivatives are square integrable.
Henceforth, we shall denote by jj  jj the L2 norm of a curve in RN or in R: Moreover
for any z ¼ ðx; tÞAM; we shall endow TzM with the norm jzj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jxj2 þ t2
q
; z ¼
ðx; tÞ; where jxj is the Euclidean norm of x in RN :
Consider the following sets:
L ¼fxAH1ð½0; 1;RNÞ: xð½0; 1ÞCM0; xð0Þ ¼ xð1Þg;
Hk ¼ftAH1ð½0; 1;RÞ: tð0Þ ¼ t0; tð1Þ ¼ t0 þ kTg;
Zk ¼L Hk:
It is well known that L is a smooth Hilbert manifold (see [16]); for any xAL; the
tangent space TxL at x to L is
TxL ¼ fxAH1ð½0; 1;RNÞ: xðsÞATxðsÞM0; xð0Þ ¼ xð1Þg:
Let tk : ½0; 1-R be the real function deﬁned as tkðsÞ ¼ t0 þ kTs: Clearly
Hk ¼ H10 þ tk;
where H10 is the Sobolev space of tAH
1ð½0; 1;RÞ such that tð0Þ ¼ tð1Þ ¼ 0: Thus Hk
is an afﬁne subspace of H1ð½0; 1;RÞ and for any tAHk; TtHk ¼ H10 :
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Now, let us consider the set Tk of the smooth time-like curves z : ½0; 1-M on
ðM; gÞ; such that xð0Þ ¼ xð1Þ and tð0Þ ¼ t0; tð1Þ ¼ t0 þ kT :
Proposition 8. Let ðM; gÞ be a Lorentzian manifold satisfying the assumptions of
Theorem 4. Then
sup
zATk
Z 1
0
joðzÞ½’zj dsoþN:
Proof. Let us denote supzATk
R 1
0
joðzÞ½’zj ds by Dk and let fzngnANCTk be a
sequence such that Z 1
0
joðznÞ½’znj ds-Dk:
Since the curves zn ¼ ðxn; tnÞ are time-like, we have
/aðxn; tnÞ½ ’xn; ’xnSobðxn; tnÞ’t2n:
Notice that ’tnðsÞa0 on ½0; 1; otherwise zn will not be time-like. Hence we haveZ 1
0
joðznðsÞÞ½’znðsÞj dsp %o
Z 1
0
ðj ’xnj2 þ j’tnj2Þ
1
2ds
p %o
Z 1
0
/aðznÞ½ ’xn; ’xnS
l
þ j’tnj2
 1
2
ds
p %o
Z 1
0
bðznÞ’t2n
l
þ j’tnj2
 1
2
ds
p %o
%b
l
þ 1
 1
2
Z 1
0
j’tnj dsp %o
%b
l
þ 1
 1
2
kT : ð13Þ
Passing to the limit on n; we conclude that supzATk
R 1
0 joðzÞ½’zj dsoþN: &
Let
Yk ¼
ﬃﬃﬃ
2
p
%o
%b
l
þ 1
 1
2
kT ; ð14Þ
where %o; %b are deﬁned in (8), (9) and l is deﬁned in (11). Let us deﬁne
HðYkÞ ¼ fyAH1ð½0; 1;RÞ: yð0Þ ¼ 0; yð1Þ ¼ Ykg:
Clearly also HðYkÞ is an afﬁne subspace of H1ð½0; 1;RÞ: In fact HðYkÞ ¼ H10 þ yk;
with ykðsÞ ¼ Yks; sA½0; 1: Now we set Wk ¼ L HðYkÞ  Hk: Wk is a Riemannian
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manifold endowed with the metric
/w; wS1;w ¼
Z 1
0
/x; xS ds þ
Z 1
0
/Dsx; DsxS ds þ
Z 1
0
’t2 ds þ
Z 1
0
’u2 ds;
for any wAWk and for any w ¼ ðx; u; tÞATwWk:
Finally, we settle on the parameter F: We shall assume that
0oFp bl
8 %o2ð %bþ lÞ; ð15Þ
where b is deﬁned in (12). This choice of F is concerned with certain properties which
we would expect to be satisﬁed by gKK in order to employ variational methods.
Now we consider the ‘‘energy’’ functional for the Kaluza–Klein metric (3), with g
given as in (5), and F satisfying (15):
Gk : Wk-R;
Gkðx; t; yÞ ¼ 1
2
Z 1
0
ð/aðzÞ½ ’x; ’xS bðzÞ’t2Þ ds þ F
2
Z 1
0
ð ’y þ oðzÞ½’zÞ2 ds:
Remark 9. The critical points of Gk are geodesics on M  R for the Kaluza–Klein
metric (3). So we can deﬁne the charge of a critical point as the charge of the Kaluza–
Klein geodesic (see Deﬁnition 1).
The following proposition relates critical points of Gk with negative critical values
and time-like kT-periodic solutions to (1).
Proposition 10. Let w ¼ ðx; y; tÞAWk be a critical point of Gk having charge q0 and let
zðsÞ ¼ ðxðsÞ; tðsÞÞ: If GkðwÞo0; then q040 and cðsÞ ¼ zð qq0 sÞ is a time-like kT-periodic
solution to (1).
Proof. Since w is a critical point for Gk; by standard arguments it follows that w is
smooth, satisﬁes system (4) and the following conditions:
xð0Þ ¼ xð1Þ; tð1Þ ¼ tð0Þ þ kT ; ’xð0Þ ¼ ’xð1Þ; ’tð0Þ ¼ ’tð1Þ: ð16Þ
So that x is a closed curve and t connects t0 and t0 þ kT : Moreover since w is a
geodesic on W with respect to gKK; we have
gKKðwÞ½ ’w; ’w ¼ const:
Hence it follows
gKKðwÞ½ ’w; ’w ¼ 2GkðwÞo0;
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that is
/aðzÞ½ ’x; ’xS bðzÞ’t2o Fð ’y þ oðzÞ½’zÞ2p0:
Therefore z is a time-like curve on M with respect to g: Since q0 ¼ Fð ’y þ oðzÞ½’zÞ; we
have also
q0 ¼ F
Z 1
0
ð ’y þ oðzÞ½’zÞ ds ¼ F Yk þ
Z 1
0
oðzÞ½’z ds
 
:
From (13) and (14) it follows that q040: Finally, cðsÞ ¼ zð qq0 sÞ is deﬁned on ½0;
q0
q

and it is a time-like kT-periodic solution to (1). &
Proposition 11. Let w1 ¼ ðx1; y1; t1Þ and w2 ¼ ðx2; y2; t2Þ be two critical points of Gk;
such that GkðwiÞo0; i ¼ 1; 2: if w1aw2; then z1 ¼ ðx1; t1Þ and z2 ¼ ðx2; t2Þ are
geometrically distinct.
Proof. Since w1; w2 are smooth and time-like, from (3), (5) and Rolle’s Theorem, we
see that they are simple curves. Thus, by the geodesic equation, we deduce that they
are geometrically distinct. Now assume that there exists a change of parameter
sAC2ð½0; 1; ½0; 1Þ such that z1ðsÞ ¼ z2ðsðsÞÞ; ’sðsÞ40; for all s; and sð0Þ ¼ 0;
sð1Þ ¼ 1: Since
qi ¼ F
Z 1
0
ð ’yi þ oðziÞ½ ’ziÞ ds ¼ F Yk þ
Z 1
0
oðziÞ½’zi ds
 
; i ¼ 1; 2
and
R 1
0 oðziÞ½’zi ds is invariant by such changes of parameter, we deduce that q1 ¼ q2:
As gð’z1ðsÞ; ’z1ðsÞÞ ¼ const:; that is ’s2ðsÞgð’z2ðsðsÞÞ; ’z2ðsðsÞÞÞ ¼ const: Now also
gð’z2ðsðsÞÞ; ’z2ðsðsÞÞÞ is constant and different from 0, thus ’s2ðsÞ is constant and
consequently sðsÞ ¼ s; for every s: Therefore z1 ¼ z2 and
y1ðsÞ ¼ q1s 
Z s
0
oðz1Þ½’z1 dr ¼ q2s 
Z s
0
oðz2Þ½’z2dr ¼ y2ðsÞ:
So that w1ðsÞ ¼ w2ðsÞ; for every s; which is a contradiction. Thus we conclude that
does not exist a function s; as deﬁned above, such that z1ðsÞ ¼ z2ðsðsÞÞ: Now, z1 and
z2 are time-like, hence they are simple curves and consequently they are
geometrically distinct, otherwise it will exist an increasing bijective smooth function
s : ½0; 1-½0; 1 such that z1ðsÞ ¼ z2ðsðsÞÞ: &
We recall now the Palais–Smale condition for a functional I of C1 class,
deﬁned on a Hilbert manifold X : Denote by I 0ðxÞ the differential of I at the
point xAX and by jjI 0ðxÞjj its norm as a continuous linear form on TxX : I satisﬁes
the Palais–Smale condition, henceforth abbreviated in (PS), if any sequence
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fxngnANCX ; such that
jIðxnÞjpC; jjI 0ðxnÞjj n!0
has a subsequence converging in X :
We are not able to prove (PS) for the functional Gk: To overcome this difﬁculty,
we introduce a family of perturbed functionals Gk;e; satisfying (PS), which are equal
to Gk on the bounded subsets of Wk; for e small enough. This standard argument
permits to recover several results of Critical Point Theory which are based on (PS).
We consider the function cðsÞ ¼ es  ð1þ s þ s2
2
Þ; for any e40; we set
ceðsÞ ¼
cðs  1=eÞ if sX1=e;
0 if sp1=e:


ð17Þ
Clearly, for each e40; ce is smooth, increasing and satisﬁes
ceðsÞpce0 ðsÞ c0eðsÞpc0e0 ðsÞ for all s and 0oepe0;
ceðsÞpc0eðsÞ ceðsÞpsc0eðsÞ for all s and e: ð18Þ
The perturbed functionals are deﬁned as
Gk;e : Wk-R;
Gk;eðwÞ ¼ GkðwÞ  1
2
ce
Z 1
0
’t2 ds
 
:
Proposition 12. Let the assumptions of Theorem 4 hold. Moreover assume that (15)
holds, then for every e40; Gk;e satisfies (PS).
Proof. Let fwngnAN ¼ fðxn; yn; tnÞgnAN be a sequence in Wk such that jGk;eðwnÞjpC;
for a constant C and jjGk;eðwnÞjj n!0: We have
l
2
Z 1
0
j ’xnj2 ds þ F
2
Z 1
0
’y2n ds þ F
Z 1
0
’ynoðznÞ½ ’zn dspC þ
Z 1
0
bðznÞ’t2n þ ce
Z 1
0
’t2n ds
 
;
where zn ¼ ðxn; tnÞ: From (15), the Ho¨lder inequality and the inequality abp12ðe2a2 þ
1
e2 b
2Þ; with e ¼ ﬃﬃﬃ2p ; we get
l
4
Z 1
0
j ’xnj2 ds þ F
4
Z 1
0
’y2n dspC þ ð %bþ F %o2Þ
Z 1
0
’t2n ds þ ce
Z 1
0
’t2n ds
 
: ð19Þ
Let us denote by fong any sequence in R converging to 0: Moreover let us introduce
the maps A : M-TM0; pM0ðAðx; ÞÞ ¼ x; pM0 : TM0-M0 the canonical projection,
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and j : M-R such that
oðx; tÞ½ðx; tÞ ¼ /Aðx; tÞ; xSþ jðx; tÞt;
for any ðx; tÞAM and ðx; tÞATxM0  R: Let At and jt be the derivatives with respect
to t and let us denote by %A; %St; %j and %jt; respectively, the ﬁnite quantities
supðx;tÞAM jjAðx; tÞjj; supðx;tÞAM jjAtðx; tÞjj; supðx;tÞAM jjðx; tÞj and supðx;tÞAM jjtðx; tÞj;
where jjAðx; tÞjj ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ/Aðx; tÞ; Aðx; tÞSxp and jjAtðx; tÞjj is deﬁned analogously. As
for any ðx; tÞAM0  R; jjoðx; tÞjj ¼ ðjjAðx; tÞjj2 þ jjjðx; tÞjj2Þ1=2; we have %Ap %o and
%jp %o; where %o was deﬁned in (9). In the remaining of the proof, we will denote by
jj  jj the L2 norm and by jj  jj0 the norm in H10 ð½0; 1;RÞ: Take tn ¼ tn  tk we have
onjjtn  tkjj0 ¼G0k;eðwnÞ½ð0; 0; tnÞ
¼ 1
2
Z 1
0
ð/atðznÞ½ ’xn; ’xnS btðznÞ’t2nÞtn ds

Z 1
0
bðznÞ’t2n ds þ kT
Z 1
0
bðznÞ’tn ds
 c0eðjj’tnjj2Þ
Z 1
0
’t2n ds þ kTc0eðjj’tnjj2Þ
Z 1
0
’tn ds
þ F
Z 1
0
ð ’yn þ oðznÞ½’znÞð/AtðznÞ; ’xnSþ jtðznÞ’tnÞtn ds
þ F
Z 1
0
ð ’yn þ oðznÞ½’znÞjðznÞ’tn ds:
Hence
onjjtn  tkjj0 þ bjj’tnjj2 þ c0eðjj’t2nÞjj’tnjj2
p %btjjtn  tkjjNjj’tnjj2 þ kT %b
Z 1
0
j’tnj ds þ k2T2c0eðjj’tnjj2Þ þ %atjj ’xnjj2jjtn  tkjN
þ F
Z 1
0
ðj ’ynj þ
ﬃﬃﬃ
2
p
%oðj ’xnj þ j’tnjjÞÞð %Atj ’xnj þ %jtj’tnjÞjjtn  tkjjN ds
þ F
Z 1
0
j ’ynjj þ
ﬃﬃﬃ
2
p
%oðj ’xnj þ j’tngÞ
 
%jðkT þ j’tnjÞ ds: ð20Þ
Then using (19), we can get rid of the terms in (20), containing ’yn and ’xn: So we
arrive at a new inequality where, as jj’tnjj2-þN; the ﬁrst member behaves as
c0eðjj’tnjj2Þjj’tnjj2; while the second one, from the second inequality of (18), cannot be
faster than c0eðjj’tnjj2Þjj’tnjj: Hence we conclude that fjj’tnjjgn is bounded. Thus, by (19),
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fjj ’xnjjgn and fjj ’ynjjgn are bounded, too. Then, the compactness of M0 implies that
fwngn is bounded in H1ð½0; 1;RNÞ  H1ð½0; 1;RÞ  H1ð½0; 1;RÞ: Therefore, up to
pass to a subsequence, there exists w ¼ ðx; y; tÞ such that wn,w weakly in
H1ð½0; 1;RNÞ  H1ð½0; 1;RÞ  H1ð½0; 1;RÞ and uniformly on ½0; 1: Hence wAWk:
To conclude the proof, it is enough to prove that wn-w strongly in H
1ð½0; 1;RNÞ 
H1ð½0; 1;RÞ  H1ð½0; 1;RÞ: To such purpose we will use the following result in [7,
Lemma 2.1]: let fxng be a sequence in L and xAH1ð½0; 1;RNÞ such that xn,x in
H1ð½0; 1;RNÞ; then there exist two sequences fxng and fnng in H1ð½0; 1;RNÞ such
that xnATxnL; and
xn  x ¼ xn þ nn; xn,0 in H1ð½0; 1;RNÞ; nn-0 in H1ð½0; 1;RNÞ:
We take un ¼ yn  y; tn ¼ tn  t; and we consider the variations Bn ¼ ðxn; un;tnÞ:
Clearly
G0k;eðwnÞ½Bn ¼ on: ð21Þ
Let us now evaluate G0k;eðwnÞ½Bn:
G0k;eðwnÞ½Bn
¼
Z 1
0
1
2
ð/ðrxnaðznÞÞ½ ’xn; ’xnSþ/aðznÞ½r ’xnxn; ’xnSþ/aðznÞ½ ’xn;r ’xnxnSÞ ds

Z 1
0
1
2
ð/atðznÞ½ ’xn; ’xnStn þ/rbðznÞ; xnS’t2n  btðznÞtn ’t2n  2bðznÞ’tn’tnÞ ds
þ F
Z 1
0
ð ’yn þ/WðznÞ; ’xnSþ jðznÞ’tnÞ
 ð’un þ/rxn AðznÞ; ’xnSþ/AðznÞ;r ’xnxnSÞ ds
þ F
Z 1
0
ð ’yn þ/AðznÞ; ’xnSþ jðznÞ’tnÞ/rjðznÞ; xnS’tn ds
 F
Z 1
0
ð ’yn þ/AðznÞ; ’xnSþ jðznÞ’tnÞð/AtðznÞ; ’xnStn þ jtðznÞtn ’tn þ jðznÞ’tnÞ ds
þ c0eðjj’tnjj2Þ
Z 1
0
’tn ’tn ds:
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Consider the terms
Z 1
0
ð/ðrxnaðznÞxÞ½ ’xn; ’xnS/atðznÞ½ ’xn; ’xnStnÞ ds;Z 1
0
ð/rbðznÞ; xnS’t2n þ btðznÞtn ’t2nÞ ds;Z 1
0
ð ’yn þ/WðznÞ; ’xnSþ jðznÞ’tnÞð/rxn AðznÞ; ’xnS/AtðznÞ; ’xnStnÞ ds;Z 1
0
ð ’yn þ/WðznÞ; ’xnSþ jðznÞ’tnÞð/rjðznÞ; xnS’tn  jtðznÞtn ’tnÞ ds:
Since zn-z; yn-y; xn-0; tn-0 uniformly and jj ’xnjj; jj’tnjj; jj ’ynjj; jjatðznÞjj; jbtðznÞj
jAðznÞj; jAtðznÞj; jjðznÞj; jjtðznÞj are bounded and a; b; A; j are smooth, all the terms
above go to 0 as n-N: Now we consider the remaining terms in G0k;eðwnÞ½Bn: First
of all we notice that by the symmetry of the operator a
Z 1
0
ð/aðznÞ½r ’xnxn; ’xnSþ/aðznÞ½ ’xn;r ’xnxnSÞ ds ¼ 2
Z 1
0
/aðznÞ½ ’xn;r ’xnxnS ds:
Moreover, since /aðznÞ½ ’xn;r ’xnxnS ¼ /aðznÞ½ ’xn; ’xnS; (’xn denotes the derivative of
xn as a vector ﬁeld in R
N), the last integral is 2
R 1
0 /aðznÞ½ ’xn; ’xnS ds: AnalogouslyR 1
0 /AðznÞ;r ’xnxnS ds ¼
R 1
0 /AðznÞ; ’xnS ds: Then, after substituting ’xn by ’x þ ’xn þ
’nn; ’yn by ’y þ ’un and ’tn by ’t þ ’tn; arguing as before and using also the fact that ’nn-0
strongly in H1ð½0; 1;RNÞ; ’xn-0 weakly in H1ð½0; 1;RNÞ and ’un; ’tn go to 0 weakly in
H1ð½0; 1;RÞ; we see that the following terms in the expression of G0k;eðwnÞ½Bn:
Z 1
0
/aðznÞ½ ’x þ ’nn; ’xnS ds þ
Z 1
0
bðznÞ’t’tn ds þ c0eðjj’tnjj2Þ
Z 1
0
’t’tn ds;Z 1
0
ð ’y þ/AðznÞ; ’x þ ’nnSþ jðznÞ’tÞð’un þ/AðznÞ; ’xnS jðznÞ’tnÞ ds;
go to 0 as n-N: Then from (21) we have
Z 1
0
ð/aðznÞ½’xn; ’xnSþ bðznÞ’t2n þ c0eðjj’tnjj2Þ’t2nÞ ds
þ F
Z 1
0
ð’u2n þ/AðznÞ; ’xnS’un þþjðznÞ’tn ’unÞ ds
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þ F
Z 1
0
’un/AðznÞ; ’xnSþ/AðznÞ; ’xnS2
þ jðznÞ’tn/AðznÞ; ’xnSÞ ds
 F
Z 1
0
ð’unjðznÞ’tn þ/AðznÞ; ’xnSjðznÞ’tn þ j2ðznÞ’t2nÞ ds ¼ on:
Then we have
on ¼
Z 1
0
ð/aðznÞ½’xn; ’xnSþ bðznÞ’t2n þ c0eðjj’tnjj2Þ’t2nÞ ds
þ F
Z 1
0
ð’u2n þ/AðznÞ; ’xnS’un þ jðznÞ’tn’unÞ ds
þ F
Z 1
0
’un/AðznÞ; ’xnSþ/AðznÞ; ’xnS2 þ jðznÞ’tn/AðznÞ; ’xnSÞ ds
 F
Z 1
0
ð’unjðznÞ’tn þ/AðznÞ; ’xnSjðznÞ’tn þ j2ðznÞ’t2nÞ dsX
X
Z 1
0
ð/aðznÞ½’xn; ’xnSþ bðznÞ’t2n þ c0eðjj’tnjj2Þ’t2n þ F’u2nÞ ds
þ 2F
Z 1
0
/AðznÞ; ’xnS’un ds  F
Z 1
0
j2ðznÞ’t2n ds
X
Z 1
0
l/’xn; ’xnS ds þ b
Z 1
0
’t2n ds þ F
Z 1
0
’u2n ds
 2F %A2
Z 1
0
/’xn; ’xnS ds  F
2
Z 1
0
’u2n  F %j2
Z 1
0
’t2n ds
X
Z 1
0
l/’xn; ’xnS ds þ b
Z 1
0
’t2n ds þ F
Z 1
0
’u2n ds
 2F %o2
Z 1
0
/’xn; ’xnS ds  F
2
Z 1
0
’u2n  F %o2
Z 1
0
’t2n ds:
Therefore from (15) we get
onX
Z 1
0
l/’xn; ’xnS ds þ b
Z 1
0
’t2n ds þ F
Z 1
0
’u2n ds
 l
4
Z 1
0
/’xn; ’xnS ds  F
2
Z 1
0
’u2n 
b
8
Z 1
0
’t2n ds: ð22Þ
Inequality (22) implies that xn-0 strongly in H1ð½0; 1;RNÞ and un; tn go to 0
strongly in H1ð½0; 1;RÞ: As consequence wn-w strongly in H1ð½0; 1;RNÞ
H1ð½0; 1;RÞ  H1ð½0; 1;RÞ: &
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In order to prove Theorems 4 and 5 we need some a priori estimates on the critical
points of the functionals Gk;e:
If w ¼ ðx; y; tÞ is a critical point of Gk;e then it is smooth and satisﬁes the following
system of differential equations:
Ds ’z  Fð ’y þ oðzÞ½’zÞFˆðzÞ½’z þ c
0
eðjj’tjj2Þ
bðzÞ ð0; t¨ Þ ¼ 0;
d
ds
ðFð ’y þ oðzÞ½’zÞÞ ¼ 0;
8><
>: ð23Þ
where z is the curve zðsÞ ¼ ðxðsÞ; tðsÞÞ: Contracting both hand sides of the ﬁrst
equation in (23) by gð’z; Þ and recalling that F is anti-symmetric, we see that the
critical points of Gk;e satisfy the following ﬁrst integral of motion:
gðzðsÞÞ½’zðsÞ; ’zðsÞ  ’t2ðsÞc0eðjj’tjj2Þ ¼ const: :¼ Ek;eðzÞ: ð24Þ
Integrating (24), we can rewrite Ek;eðzÞ as
Ek;eðzÞ ¼ 2GkðwÞ  c0eðjj’tjj2Þjj’tjj2  F
Z 1
0
ð ’y þ oðzÞ½’zÞ2 ds:
Hence, recalling the second inequality in (18) we obtain
Ek;eðzÞp2Gk;eðzÞ: ð25Þ
From (25) it follows the following lemma.
Lemma 13. Let w ¼ ðx; y; tÞ be a critical point of Gk;e such that
Gk;eðwÞo0; ð26Þ
then t is strictly monotone.
Proof. By contradiction, assume that t is not strictly monotone. Then there exists
s0A½0; 1 such that ’tðs0Þ ¼ 0: Hence, from (24) Ek;eX0: But from (25) and (26), we
have Ek;eo0; giving a contradiction. &
Remark 14. Since tð0Þ ¼ 0 and tð1Þ ¼ kT40; t is strictly increasing and ’t40:
We are now in the condition to state the following lemma on LN a priori estimates
on the critical points of the functionals Gk;e:
Lemma 15. Let eA0; 1 and let w ¼ ðx; t; yÞ be any critical point of the functionals
Gk;e; satisfying (26). Then there exists a positive constant K, independent of e; such that
jj’tjjNpK ; jj ’xjjNpK ; jj ’yjjNpK : ð27Þ
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Proof. Let w ¼ ðx; y; tÞ a critical point of Gk;e; 0oep1; then t satisﬁes the equation:
d
ds
ðbðzÞ’t þ c0eðjj’tjj2Þ’tÞ ¼
1
2
ðbtðzÞ’t2 /atðzÞ½ ’x; ’xSÞ
þ FbðzÞð ’y þ oðzÞ½’zÞðFˆðzÞ½’zÞt; ð28Þ
where ðFˆðzðsÞÞ½’zðsÞÞt denotes the component with respect of @t of the vector
FˆðzðsÞÞ½’zðsÞATzðsÞM: Since Fð ’y þ oðzÞ½’zÞ þ gðzÞ½’z; ’z  c0eðjj’tjj2Þ’t2 is constant over
w (see (24) and the second equation in system (23)), by integrating on ½0; 1 and
recalling second inequality in (18), we get
Fð ’y þ oðzÞ½’zÞ2 þ gðzÞ½ ’z; ’z  c0eðjj’tjj2Þ’t2p2Gk;eðwÞo0: ð29Þ
From (5) and (29) we get
jFð ’y þ oðzÞ½’zÞjp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bðzÞ’t2 þ c0eðjj’tjj2Þ’t2
q
: ð30Þ
and
/aðzÞ ’x; ’xSpbðzÞ’t2 þ c0eðjj’tjj2Þ’t2: ð31Þ
Moreover, taking C1 ¼ maxf
ﬃﬃ
2
p
%Fﬃﬃ
l
p ;
ﬃﬃ
2
p
%Fﬃﬃ
b
p g; where %F; l and b are deﬁned in (10)–(12),
from (31), we have
jbðzÞðFˆðzÞ½’zÞtj ¼ jgðzÞ½FˆðzÞ½’z; @tj
¼ jFðzÞ½@t; ’zj
p %F
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j ’xj2 þ j’tj2
q
p 2C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bðzÞ’t2 þ c0eðjj’tjj2Þ’t2
q
: ð32Þ
Arguing as before, setting C2 ¼ maxf %btb ; %atlg; where %bt and %at are deﬁned in (10), we
get
1
2
ðbtðzÞ’t2 /atðzÞ½ ’x; ’xSÞ

pC2ðbðzÞ þ c0eðjj’tjj2Þ’t2: ð33Þ
Summing up (28), (30), (32), (33), and setting uðsÞ ¼ bðzÞ’tðsÞ þ c0eðjj’tjj2Þ’tðsÞ; we get
u0pC3u’t; ð34Þ
where C3 is a positive constant independent of e and t: From (34), recalling Lemma
13, it can be proved (see for instance [8, p. 222]) that there exists a positive constant
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K1 independent of e such that
’tðsÞpK1; ð35Þ
for any sA½0; 1 and for any critical point w of Gk;e; eA0; 1: From (11), (31) and (35),
there exists also a positive constant K2 such that
/ ’xðsÞ; ’xðsÞSpK2 ð36Þ
on ½0; 1: Finally from (30), (35) and (36), also ’yðsÞ is bounded on ½0; 1: &
3. Proof of Theorems 4 and 5
The result on the existence of a time-like kT-periodic solution to (1) is based on
the Saddle Point Theorem of Rabinowitz [21]:
Theorem 16. Let X ¼ O H where O is a C2 complete Hilbert manifold and H is an
affine space with dim HoþN: Let IAC2ðX ;RÞ: Assume that
(1) there exist oAO; eAH and an open neighborhood U of e in H such that
b1 ¼ sup
fog@U
Iob2 ¼ inf
Ofeg
I ;
(2) I satisfies (PS) on X.
Then I has a critical value cA½b2; supfog %UI ;
c ¼ inf
hAS
sup
zAfog %U
IðhðzÞÞ;
where
S ¼ fhAC0ðfog  %U; fog  HÞ : hðuÞ ¼ u for all uAfog  @Ug:
Theorem 16 will be applied to Gk;e; by means of a Galerkin approximation
procedure that we are going to describe. Fix mAN and denote by H10;m the ﬁnite
dimensional subspace of H10 deﬁned as
H10;m ¼ span½sinðipsÞ; i ¼ 1;y; m:
Let H ¼ Hk;m ¼ H10;m þ tk; e ¼ tk; O ¼ L HðYkÞ; X ¼ Wk;m ¼ L HðYkÞ  Hk;m;
I ¼ Gmk;e ¼ Gk;ejWk;m : The role of o will be played by the couple ðx; ykÞ where x is a
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constant curve on L and ykAHðYkÞ is the segment joining 0 and Yk: We shall prove
that assumptions of Theorem 16 are satisﬁed by the functionals Gmk;e; for all e40 and
mX1; obtaining a sequence fwe;mgm of critical points of the functionals Gmk;e: This
sequence will converge to a critical point we of the functionals Gk;e; for every e40:
Then the very deﬁnition of the perturbing term (see (17)) and the ﬁrst estimate in (27)
imply that for e small enough we is a critical point of Gk:
Lemma 17. Let R40 and denotes by UðRÞ the neighborhood of tk defined by
UðRÞ ¼ ftAHk;m : jj’t  ’tkjjpRg:
Then there exists R4kT ; independent of e and m, such that
b1 ¼ sup
fog@UðRÞ
Gmk;eob2 ¼ inf
LHðYkÞftkg
Gmk;e; ð37Þ
for any mAN and 0oep1: Moreover there exists a positive constant L, independent of
e and m, such that
sup
fogUðRÞ
Gmk;eo Lo0:
Proof. Let ðx; yÞAL HðYkÞ: We evaluate Gmk;e at ðx; y; tkÞ:
Gmk;eðx; y; tkÞ ¼
1
2
Z 1
0
/aðx; tkÞ½ ’x; ’xS ds 
1
2
Z 1
0
bðx; tkÞð’tkÞ2 ds
þ F
2
Z 1
0
ð ’y þ oðx; tkÞ½ð ’x; ’tkÞÞ2 ds 
1
2
ceðk2T2Þ
X 
%b
2
k2T2  c1ðk2T2Þ: ð38Þ
For any tAHk;m such that tA@UðRÞ we have
jj’tjj ¼ jj’t  ’tk þ ’tkjjXjj’t  ’tkjj  jj’tkjj ¼ R  kT : ð39Þ
From (39), whenever R4kT ; we have, for any ðo; tÞAfog  @UðRÞ;
Gmk;eðo; tÞp 
b
2
Z 1
0
’t2 ds þ F
2
Y 2k þ FYk %o
Z 1
0
j’tj ds þ F
2
%o2
Z 1
0
’t2 ds
p  b
2
ðR  kTÞ2 þ F
2
Y 2k þ FYk %oðR þ kTÞ þ
F %o2
2
ðR þ kTÞ2:
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So Gmk;e satisﬁes (37) if
 b
2
ðR  kTÞ2 þ F
2
Y 2k þ FYk %oðR þ kTÞ þ
F %o2
2
ðR þ kTÞ2
o
%b
2
k2T2  c1ðk2T2Þ: ð40Þ
From (15), we see that, for R large enough, inequality (40) is satisﬁed.
Now from (14) and (15) we have
sup
fogUðRÞ
Gmk;ep 
b
2
Z 1
0
’t2 ds þ FY 2k þ F %o2
Z 1
0
’t2 ds
p  b
2
Z 1
0
’t2 ds þ 2F %o2
%b
l
þ 1
 
k2T2 þ b
8
Z 1
0
’t2 ds
p  3b
8
Z 1
0
’t2 ds þ b
4
k2T2
p  3b
8
k2T2 þ b
4
k2T2 ¼  b
8
k2T2:
Therefore, choosing L ¼ b8 k2T2; we have
sup
fogUðRÞ
Gmk;eo Lo0: &
Proof of Theorem 4. Let kX1; 0oep1 and L ¼ b
8
k2T2: Repeating the proof of
Proposition 12, we see immediately that also Gmk;e satisﬁes (PS), hence from Theorem
16 and Lemma 17, Gmk;e has a critical point we;m such that 
%b
2
k2T2 
c1ðk2T2ÞpGmk;eðwe;mÞp L; for every m: Arguing as in the proof of Proposition
12, we see that the sequence fwe;mgmAN converges strongly to a curve we in Wk:
Hence Gk;eðweÞp L and by a standard argument in Galerkin approximation (see
[7, Lemma 3.4]), we;m is a critical point of Gk;e: Now, the compactness of M0 and
Lemma 15 imply that the curves fweg0oep1 are uniformly bounded, with respect to e;
in Wk: Recalling (17), we can conclude that, for e small enough, we is a critical
point of Gk: Let us denote we by w ¼ ðx; y; tÞ and let z ¼ ðx; tÞ: Let q0 ¼ Fð ’y þ
oðzÞ½’zÞ: Then from Proposition 10, cðsÞ ¼ zð qq0 sÞ is a time-like kT-periodic
solution to (1). &
Now we pass to prove the result on the multiplicity of time-like kT -periodic
solutions to (1). We will need the concepts of relative category and limit relative
category (see [14]). Let A; B; and CCA be closed subsets of a topological space X :
We will say that A is contractible in X if there exists a map H : ½0; 1  A-X such
thatHð0; xÞ ¼ x; for any x andHð1; xÞ ¼Hð1; yÞ for any x and y: We will say that
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B is a weak deformation retract of A; relative to C; in X if there exists H : ½0; 1 
A-X such that Hð0; xÞ ¼ x; for any x; Hð1; xÞAB for any x; Hðl; xÞAC for any
xAC and lA½0; 1: Following [14], we will write AoCB in X :
Deﬁnition 18. Let A and CCA be closed subsets of a topological space X :
The category of A in X relative to C, is the least integer l such that there
exist l þ 1 closed subset A0; A1;y; Al with the property that
Sl
i¼0 Ai ¼ A;
Ai; i ¼ 1;y; l are contractible in X ; A0oCC in X : We will denote the
relative category by catX ðA; CÞ: If no such a ﬁnite covering exists, we set
catX ðA; CÞ ¼ þN:
Remark 19. If C is a weak deformation retract of A; then catX ðA; CÞ ¼ 0:
If C ¼ |; then catX ðA; |Þ coincides with the Ljusternik–Schnirelman category
catX A:
Now we pass to introduce the notion of limit relative category. Let X be a
topological space, ðXmÞmAN a sequence of closed subspaces of X and A a closed
subset of X : We will denote by Am the closed subset A-XmCX :
Deﬁnition 20. Let A and CCA closed subsets of a topological space X : Assume
that, for each nAN; there exists a retraction rm : X-Xm (i.e. r is a conti-
nuous map from X onto Xm; such that rðxÞ ¼ x for any xAXm: The limit relative
category of A in X relative to C, with respect to ðXmÞ; denoted by catNX ðA; CÞ; is
deﬁned by
catNX ðA; CÞ ¼ lim sup
n-N
catXmðAm; CmÞ:
Our multiplicity result is based on the following theorem contained in [14] which
extends classical Ljusternik–Schnirelman theory to unbounded functionals. Before
enunciating it, we have to introduce the following variant of the Palais–Smale
condition, that appears also in [14]:
Deﬁnition 21. Let X be a C2 manifold and let ðXmÞ be a sequence of closed
submanifolds of X : Let I be a C1 functional on X and let us denote by Im the
functional I jXm : I is said to satisfy the Palais–Smale condition ðPSÞ with respect to
ðXmÞ if every sequence ðxmÞ; such that xmAXm; jIðxmÞj is bounded and jjI 0mðxmÞjj m!0;
admits a subsequence converging in X :
Theorem 22. Let X be a C2 complete Hilbert manifold and let ðXmÞ be a sequence of
closed submanifolds of X. Moreover, let I be a C1 functional on X and C a closed subset
of X. Assume that
catNX ðX ; CÞ ¼ l:
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Let, for each i ¼ 1;yl;
AðiÞ ¼ fACX : A is closed; CCA; catNX ðA; CÞXig
and
cðiÞ ¼ N
AAAðiÞ
sup
xAA
IðxÞ:
If I satisfies ðPSÞ with respect to ðXmÞ and supC IocðiÞoþN then cðiÞ is a critical
value of I. Moreover, cð1Þpcð2Þp?pcðlÞ and, if there exists iAf1;y; l  1g and
1pjpl  i such that
sup
C
IocðiÞ ¼ cði þ 1Þ ¼?cði þ jÞ ¼ coþN;
then
catX ðKcÞXj þ 1;
where Kc denotes the set of the critical points x of I such that IðxÞ ¼ c:
Remark 23. Theorem 22 implies that if supC Iocð1Þ and cðlÞoþN then I has at
least l critical points in X :
We will apply Theorem 22 to the functionals Gk;e on Wk; the role of the sequence
ðXmÞ will be played by ðWk;mÞ ¼ ðL HðYkÞ  Hk;mÞ; while the subset C will be
deﬁned after the following lemma:
Lemma 24. Let d0ðkÞ ¼  %b2 k2T2  c1ðk2T2Þ and d1ðkÞ ¼ 2d0ðkÞ: There exists a
continuous map rk : ½0;þN½-½1;þN½ such that, if w ¼ ðx; yk; tÞAWk and jj’t  ’tkjj ¼
rkðjj ’xjjÞ; then
Gk;eðwÞpd1ðkÞ: ð41Þ
Proof. From (11), (12) and (15), for any w ¼ ðx; yk; tÞAWk;m we have
Gk;eðwÞp %a
2
jj ’xjj2  b
2
jj’tjj2 þ Fk2T2 þ F %o2jj ’xjj2 þ F %o2jj’tjj2
p %a
2
jj ’xjj2  b
2
jj’tjj2 þ Fk2T2 þ l
8
jj ’xjj2 þ b
8
jj’tjj2
p %ajj ’xjj2 þ Fk2T2  b
4
jj’tjj2: ð42Þ
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But
jj’tjj2 ¼
Z 1
0
’t2 ds ¼
Z 1
0
ð’t  ’tk þ ’tkÞ2 ds
¼
Z 1
0
ð’t  ’tkÞ2 ds þ
Z 1
0
ð’tkÞ2 ds þ 2
Z 1
0
’tkð’t  ’tkÞ ds ¼ jj’t  ’tkjj2 þ k2T2;
thus, from (42) we get
Gmk;eðwÞp%ajj ’xjj2 þ Fk2T2 
b
4
jj’t  ’tkjj2 
b
4
k2T2: ð43Þ
So taking
rkðrÞ ¼
4ð%ar2 þ Fk2T2  d1ðkÞÞ
b
 k2T2
 1
2
; ð44Þ
we have
%ar2 þ Fk2T2  b
4
r2kðrÞ 
b
4
k2T2 ¼ d1ðkÞ
and (41) follows from (43). Moreover since
%b
b
k2T2  k2T241; the minimum value of
rk; which is attained at r ¼ 0; is greater than 1. &
We set
C ¼ Ck :¼ fw ¼ ðx; y; tÞAWk : y ¼ yk; jj’t  ’tkjj ¼ rkðjj ’xjjÞg ð45Þ
and
Ck;m ¼ Ck-Wk;m:
From Lemma 24, we have
d0ðkÞ4d1ðkÞX sup
Ck
Gk;e: ð46Þ
Proof of Theorem 5. We will show that for every lAN; lX1 there exists %kAN such
that, for any kX %k the number of time-like kT-periodic solutions to (1) is at least l:
Let eA0; 1: For lAN; lX1; deﬁne
AkðiÞ ¼ fACWk : A is closed; CkCA; catNWkðA; CkÞXig
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and
ck;eðiÞ ¼ inf
AAAkðiÞ
sup
wAA
Gk;eðwÞ; ð47Þ
for i ¼ 1;y; l: Propositions A.3 and A.4 imply that there exist a subset K˜ðlÞ of Wk
such that catNWkðK˜ðlÞ,Ck; CkÞXl; hence AkðiÞa|; for any lX1; and for all i ¼
1;y; l: From (47), we have ck;eðiÞpck;eði þ 1Þ: So, for any i;
ck;eðiÞp sup
K˜ðlÞ,Ck
Gk;e:
We notice that, if wACk then, from Lemma 24, Gk;eðwÞpd0ðkÞ; for any k; while if
w ¼ ðx; y; tÞAK˜ðlÞ then, as K˜ðlÞ is given by K˜ðlÞ ¼ CðKðlÞ  fykg  DkÞ (see
Proposition A.4), we have
Gk;eðwÞp %a
2
jj ’xjj2  b
2
jj’tjj2 þ FY 2k þ F %o2jj ’xjj2 þ F %o2jj’tjj2
p %a
2
jj ’xjj2  b
2
jj’tjj2 þ b
4
k2T2 þ l
8
jj ’xjj2 þ b
8
jj’tjj2
p %ajj ’xjj2  b
8
k2T2:
Take dðlÞ ¼ %asupðx;y;tÞAK˜ðlÞ jj ’xjj2: If ðx; y; tÞAK˜ðlÞ ¼ CðKðlÞ  fykg  DkÞ then, from
(A.1), xAKðlÞ: Since KðlÞ is compact and independent of k and m (cf. Proposition
A.3), dðlÞ is independent of k and m too. Thus we have
sup
K˜ðlÞ,Ck
Gk;epmax dðlÞ  b8k2T2; d0ðkÞ
 
oþN:
Therefore ck;eðiÞoþN for any i ¼ 1;y; l: Now we consider the set Bk ¼ L
HðYkÞ  ftkgCWk: Ck is a closed strong deformation retract of Wk\Bk: In fact let
w ¼ ðx; y; tÞAWk\Bk: Then t  tka0 and we can consider the map
hðwÞ ¼ rkðjj ’xjjÞjj’t  ’tkjj
ðt  tkÞ þ tk:
Clearly ðx; yk; hðwÞÞACk: Deﬁne
H : ½0; 1  ðWk\BkÞ-Wk;
Hðl; x; y; tÞ ¼ ðx; lyk þ ð1 lÞy; lhðwÞ þ ð1 lÞtÞ:
ARTICLE IN PRESS
E. Caponio / J. Differential Equations 199 (2004) 115–142 137
H is a continuous map such that
Hð0; wÞ ¼ w for all wAWk\Bk;
Hð1; wÞ ¼ ðx; yk; hðwÞÞACk for all wAWk\Bk;
Hðl; wÞ ¼ w for all wACk and lA½0; 1:
Now arguing as in the proof of inequality (38), infBk Gk;eXd0ðkÞ ¼ 
%b
2
k2T2 
c1ðk2T2Þ: Assume now that ck;eð1Þod0ðkÞ: By deﬁnition, there exists AAAð1Þ such
that supA Gk;eod0ðkÞ: Thus A-Bk ¼ |: Set Am ¼ A-Wk;m and Bk;m ¼ Bk-Wk;m:
Clearly, also Am-Bk;m ¼ |: Moreover Ck;m ¼ Ck-Wk;m is a strong deformation
retract of Wk;m\Bk;m: Therefore, recalling Remark 19, catWk;mðAm; Ck;mÞ ¼ 0; for each
m; which implies, by deﬁnition, that catNWkðA; CkÞ ¼ 0; in contradiction with
AAAð1Þ: Thus we have obtained
sup
Ck
Gk;eod0ðkÞpck;eð1Þp?pck;eðl  1Þpck;eðlÞoþN:
Moreover, arguing as in the proof of Proposition 12, we see that Gk;e satisﬁes ðPSÞ
with respect to Wk;m:
Thus the assumptions of Theorem 22 are satisﬁed and therefore Gk;e has at least l
distinct critical points whose critical values ck;eðiÞ satisfy
ck;eðiÞpmax dðlÞ  b
8
k2T2; d0ðkÞ

 
;
for any i ¼ 1;y; l and for any eA0; 1: Moreover, there exists %kAN such that for
any kX %k
max dðlÞ  b
4
k2T2; d0ðkÞ
  
p 1: ð48Þ
Let us denote by ðwjeÞjAf1;y;lg a set of l distinct critical points for Gk;e: From (48) and
Lemma 15, the sets fwjeg0oep1; j ¼ 1;y; l are bounded in Wk: Thus, by deﬁnition
(17) of the perturbing term, for e small enough, wje; j ¼ 1;y; l are l distinct critical
point of Gk satisfying GkðwjeÞp 1: Let us denote wje by wj ¼ ðzj ; yj; tjÞ; for each j;
and let qj denote the corresponding charge. By Proposition 10, c
jðsÞ ¼ zjðq
qj
sÞ is a
time-like kT-periodic solution of (1), with kX %k: Finally, by Proposition 11, the
curves cj; j ¼ 1;y; l; are geometrically distinct. &
Appendix
In this appendix we collect some results, involving the relative category and the
limit relative category, that have been used in the proof of Theorem 5. In particular
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we prove that, under the assumptions of Theorem 5, there exist subsets of Wk ¼
L Y ðkÞ  HðkÞ whose limit relative category with respect to Ck (see (45)) is
arbitrarily large.
We start recalling some basic properties of the relative category (see
for instance [14])
Proposition A.1. Let A, B and C closed subset of X with CCA-B: Then
(a) catX ðC; CÞ ¼ 0;
(b) catX ðA,B; CÞpcatX ðA; CÞ þ catX B;
if AoCB then
(c) catX ðA; CÞpcatX ðB; CÞ;
if ACB; then
(d) catX ðA; CÞpcatX ðB; CÞ:
It is not difﬁcult to prove that also the limit relative category satisﬁes properties
analogous with those in Proposition A.1 (cf. [14]).
The following proposition is a slight variant of a result contained in [8] and it will
be useful in the proof of Proposition A.4.
Proposition A.2. Let C, C0; X 0 closed subset of a topological space X such that C0CX 0:
Let C a homeomorphism of X and let Z a retraction of X into X 0: Moreover let A0 be a
closed subset of X 0 such that C0CA0: Assume that CðC0Þ ¼ C; then
catX ðCðA0Þ; CÞXcatX 0 ðA0; C0Þ:
Proof. Let catX ðCðA0Þ; CÞ ¼ loN: By deﬁnition there exist A0;y; Al closed
subsets of X such that
Sl
i¼0 Ai ¼ CðA0Þ; Ai; i ¼ 1;y; l are contractible in X and
A0oCC in X : Let us denote by Hi : ½0; 1  Ai-X ; i ¼ 0;y; l the corresponding
weak deformation and contraction maps. For each i ¼ 0;y; l; we set A0i ¼
X 0-C1ðAiÞ and H0i : ½0; 1  A0i-X 0; H0i ¼ Z3C13Hið;CðÞÞ: Clearly
ðA0iÞiAf0;y;lg is a closed covering of A0 and H0i are continuous maps such that H00
is a weak deformation of A00 into C
0 relative to C0 and H0i; i ¼ 1;y; l are
contractions of A0i in X
0: Therefore catX 0 ðA0; C0Þpl: &
Now, let us denote by Dk; Dk;m; Sk and Sk;m the sets
Dk ¼ftAHk : jj’t  ’tkjjp1g; Sk ¼ ftAHk : jj’t  ’tkjj ¼ 1g;
Dk;m ¼Dk-Hk;m; Sk;m ¼ Sk-Hk;m:
Moreover let us denote byPL the canonical projection of Wk onto L; by Qk;m the set
ftAHk : jj’t  ’tkjjp12g-Hk;m and by Pk;m the set ftAHk : jj’t  ’tkjjX12g-Dk;m:
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Proposition A.3. Under the assumptions of Theorem 5, for any lX1 there exists a
compact subset KðlÞCL; independent of k and m, such that
catLfy
k
gDk;mððKðlÞ  fykg  Dk;mÞ,ðL fykg  Sk;mÞ;L fykg  Sk;mÞXl:
Proof. Since the relative category is a homotopic invariant (cf. for instance [14]) we
can identify the Sobolev manifold L with the homotopically equivalent topological
space of free loops on M0: From a well known result due to Fadell and Husseini [13,
Proposition 3.1 and Corollary 3.4], there exists a compact subset KðlÞ of L such that
catLKðlÞXl: We will show that also catLfy
k
gDk;mððKðlÞ  fykg  Dk;mÞ,ðL
fykg  Sk;mÞ;L fykg  Sk;mÞXl: By contradiction assume that
catLfy
k
gDk;mððKðlÞ  fykg  Dk;mÞ,ðL fykg  Sk;mÞ;L fykg  Sk;mÞ ¼ %lol:
Then, by deﬁnition, there exists a closed covering, ðAiÞiAf0;y;%lg; of ðKðlÞ  fykg 
Dk;mÞ,ðL fykg  Sk;mÞ; such that A0oLfykgSk;mL fykg  Sk;m and A1;y; A%l
are contractible in L fykg  Dk;m: Since A0*L fykg  Sk;m;
S
iAf0;y;%lg Ai ¼
ðKðlÞ  fykg  Dk;mÞ,ðL fykg  Sk;mÞ and Sk;m is not a deformation retract of
Dk;m; we can assume, without loss of generality, that A0 ¼ ðKðlÞ  fykg 
Pk;mÞ,ðL fykg  Sk;mÞ and
S
iAf1;y;%lg Ai ¼ KðlÞ  fykg  Qk;m: Since Ai is a
compact subset of KðlÞ  fykg  Qk;m; ðPLðAiÞÞiAf1;y;%lg is a closed covering of KðlÞ
in L: Clearly PLðAiÞ is contractible in L; for each iAf1;y; %lg and consequently
l ¼ catLKðlÞp%lol; in contradiction with catLKðlÞXl: &
Proposition A.4. Let C :Wk-Wk be the map defined by
Cðx; y; tÞ ¼ ðx; y; rkðjj ’xjjÞðt  tkÞ þ tkÞ; ðA:1Þ
where rk is defined in (44). Let lAN and KðlÞ be a compact subset of L such that
catLfy
k
gDk;mððKðlÞ  fykg  Dk;mÞ,ðL fykg  Sk;mÞ;L fykg  Sk;mÞXl
and denote by K˜ðlÞ the set CðKðlÞ  fykg  DkÞ: Then
catNWkðK˜ðlÞ,Ck; CkÞXl: ðA:2Þ
Proof. Let Cm the map CjWk;m : Cm is an homeomorphism of Wk;m with inverse map
ðx; y; tÞAWk;m/ x; y; t  t

k
rkðjj ’xjjÞ
þ tk
 
:
We have
CmðL fykg  Sk;mÞ ¼ Ck;m:
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Consider now the map
Zm : ðx; y; tÞAWk;m/
ðx; yk; tÞ if tADk;m;
x; yk;
t  tk
jj’t  ’tkjj
þ tk
 
if teDk;m:
8<
:
Clearly Zm is a retraction of Wk;m onto L fykg  Dk;m: Hence, by Proposition A.2
we have:
catWk;mðCmðKðlÞ  fykg  Dk;mÞ,Ck;m; Ck;mÞ
XcatLfy
k
gDk;mððKðlÞ  fykg  Dk;mÞ,ðL fykg  Sk;mÞ;L fykg  Sk;mÞ
Xl ðA:3Þ
Then, recalling Deﬁnition 20, (A.2) follows from (A.3). In fact, the retraction rm is
deﬁned as the map ðx; y; tÞ/ðx; y; pk;mðtÞÞ; where pk;m is the orthogonal
projection of Hk onto Hk;m; moreover we have CðKðlÞ  fykg  DkÞ-Wk;m ¼
CmðKðlÞ  fykg  Dk;mÞ: &
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